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Abstract 
Given a finite set of graphs (that can be either finite or infinite), we construct polygonal 
complexes such that the link of each vertex is isomorphic to one of the give graphs. For this 
purpose, we use, essentially, the theory of complexes of groups (see Corson, 1992; Haefliger, 
1991; Stallings, 1991). 
0. Introduction 
In [l], Ballman and Brin gave the following definition of a polygonal complex: 
A polygonal complex is a CW-complex of dimension 2 that satisfies the following 
properties: 
_ the attaching maps are homeomorphisms, 
~ the intersection of two closed cells in X is either empty or exactly a closed cell. 
In [l], the authors have also noticed that the frontier of a closed 2-cell (face) F of 
X is a simple circuit of closed l-cells of X called edges. If the frontier of F contains 
k edges, then k is 2 3 and we call F a k-gon. 
Our purpose is to construct polygonal complexes given some local data. Let 
L1 , . . , L, be graphs without isolated vertices and no two of which are isomorphic. In 
this paper, the graphs we are considering do not contain loops and are such that there 
is a unique edge between two vertices. 
Let k be an integer 2 3. A (k,Ll , . . . , &)-complex is a polygonal complex whose 
faces are k-gons and is such that the link of each vertex is isomorphic to one of the 
given graphs L1, . . . , L,. Each of these graphs appears at least once and is called 
a vertex-type. 
Examples of such complexes are given by the platonic solids. Infinite examples are 
given by the buildings of dimension 2. We recall that the faces of a building are 
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triangles and the link of each vertex is isomorphic to a generalized mi-gon where mi is 
an integer 2 2 or rx, and 1 I i I 3, see [6]. 
In our thesis [2,3], we constructed and studied (k, L)-complexes when L is a finite 
graph and satisfies some other conditions. We used the “mirror structure procedure” 
of Davis 191. The shortcoming of this procedure is that the integer k has always to be 
even. 
Let IL, , , LN} be a set of graphs without isolated vertices, N 2 2. On this set, we 
consider the following equivalence relation: two graphs are equivalent if and only if 
they are isomorphic. Let L1 , , L,, be representatives of the equivalence classes. 
Using the mirror structure procedure in [4], we have given the main ideas for the 
construction of a (k, L, , . . , L,)-complex. 
In this paper, our main tool is the theory of complexes of groups. This theory was 
introduced by Gersten and Stallings in [16] when the complexes are triangles and 
then generalized and studied independently by Haefliger 1121 and Corson [S]. 
In [3], we tried to use triangles of groups to construct (k, L)-complexes, but then we 
considered “very symmetric” graphs (i.e. the automorphisms group of the graph acts 
transitively on the set of pairs consisting of vertices and incident edges to these vertices). 
We point out that when L is a finite graph, (k, L)-complexes have been also 
constructed independently by Ballman and Brin [l], and in the case where L is 
a complete graph by Haglund 1141 and Haefliger [ 123. 
1. Preliminaries 
We recall some definitions and results used in this paper. Further details can be 
found in the following references: 
~ The theory of hyperbolic metric spaces has been introduced by M. Gromov [ 111. In 
this paper, Gromov also investigates the theory of metric spaces of curvature 
bounded by above, a notion introduced by Alexandroff. Other references for this 
theory are [7,10,15]. 
~ for the theory of complexes of groups, we are using essentially the paper of Haefliger 
[ 121. Other references are [S, 163. 
I I. Metric spaces qf curoature I x 
Let (X,d) be a metric space. Given two points IY and y in X, a geodesic segment 
[.u, ~1 is an isometry [O,d(x, y)] + X connecting .x and y. 
The space X is called geodesic if any two points can be connected by a geodesic 
segment. 
Given points x, JJ and z in X. A geodesic triangle of vertices x, 2’ and z is a union of 
three geodesic segments [.u, ~]u[J’, z]u[z, x]. 
Let H, be the complete simply connected surface of constant curvature 1 I 0, 
defined up to isometry. For example, H, is the euclidean plane RZ and H-, is the 
N. Brnakli~Joumal of Pure und Applied Algebra 97 (IYY4) 247 263 249 
hyperbolic plane HZ. The distance in H, is denoted 1 1. Given a geodesic triangle 
d = [x, J~]u[Y, z]u[z, x] in a geodesic space X, a comparison triangle d* = 
Is*, J’*]u[J’*, z *]u[z*,x*] is a triangle in H, such that: 
d(x,y) = 1x* - )‘*I, d(y,z) = 14’* - z*1, d(Z, x) = 1z* - x*1. 
Such triangles always exist. 
A comparison mup f: A + A* is defined as follows: 
(i) ,f(s) = s* 1 .f(y) = y*, .f(z) = z*, 
(ii) the restriction of f to any edge of A is an isometry. 
The space X satkfies CAT(x) if for any geodesic triangle A = [.~,~~]u[y,z]u[z,x] 
and for any point u in [x,~]. it is true that d(z,u) 5 d(z*,u*), where U* =,f(u). 
We say that the space X is ofcurcuture I 2 if every point of X is contained in 
a convex neighborhood that satisfies CAT(x). 
1.2. Polygonal complexes qf curcature I x 
An H,-polygonal complex is a polygonal complex X such that: 
(i) for each closed cell B of X, there is a homeomorphism form B onto a closed cell 
of H,. 
(ii) If B and C are two closed cells in X, then .fB~(,f&spc)m ’ is an isometry from 
,f;.( Bn C’) onto .fB( Bn C). The application .fc,Bnc denotes the restriction of ,fc to 
BnC. 
An H,-polJ)gonul comp1e.u X is of curwture I x if and only if the length of each 
closed curve of the link of a vertex is 2 27~ 
By ,Yx we denote the set of closed cells in X. We say that two closed cells B and 
C are equivalent if the cells ,fs(B) and .f&(C) are isometric in H,. We denote by .dx this 
equivalence relation. 
Following Bridson [S], an isometry type qfthe cells in X is an equivalence class of 
the relation .dx on .Yx. This concept is used in Theorem 1.1. 
1.3. Hyperbolic metric spaces 
There are several equivalent definitions of a hyperbolic metric space (see [ 111). We 
choose the following one: a geodesic space (X,d) is hyperbolic if there is a constant 
6 2 0, such that for any geodesic triangle A = [x, y]u[y, z]u[z, x] of X and for any 
point u in [x,y], it is true that d(u,[~,z]u[z,s]) I ii. 
Spaces of curvature I x < 0 provide us with important examples of hyperbolic 
spaces. Actually, a simply connected geodesic space of curvature < 1 < 0 is hyper- 
bolic. 
A finitely generated group can be view as a geometric space when provided with the 
word metric. Consequently, we have the concept of hyperbolic groups. This concept 
does not depend on the choice of a system of generators for the group. 
250 N. Benakli/Journal of Pure and Applied Algebra 97 (I 994) 247- 263 
Actually, if a discret group G acts by isometries, properly discontinuously and 
cocompactly on a complete, locally compact geodesic space X. Then G is finitely 
presented. Moreover, G is hyperbolic if and only if X is hyperbolic. 
1.4. Complexes of’ groups 
We will recall the definitions and results about complexes of groups when the 
complexes are polygonal complexes. 
Let X be a polygonal complex. Denote by: 
~ X’ the first barycentric subdivision of X, 
~ cell(x) the cell of X associated to the vertex x of X’, 
~ V(X) the set of vertices of X’, 
~ E(X) the set of edges [x,y] of X’ oriented from x to y if cell(x) contains cell(y). 
~ i:E(X) + I’(X), the application that associates the initial vertex to each oriented 
edge, 
~ f : E(X) + V(X), the application that associates the terminal vertex to each oriented 
edge. 
Let X be a polygonal complex. Let F be a face of X. By a face of groups 
G(F) = (F, G,, $,), we mean that we have attached a group G, to each vertex x of F’ 
such that: 
(i) for any element [x,y] of E(F), the arrow c$[~,+, is a monomorphism of groups, 
(ii) for any triangle [x, y] u[y, z] u[z, x] whose edges are elements of E(F), we have 
If A is an edge of X, then an edge ofgroups G(A) = (A, G,, @e) is simply the graph of 
groups on A. If x is a vertex of X, then G(x) is the group G,. 
We define a complex ?f groups G(X) = (X, G,, 4,) by associating a ,fuce of groups 
G(F) to each face F of X such that if F, and F2 are two faces of X with a nonempty 
intersection, then G(FlnF,) is well defined. 
There is a natural way to associate a complex of groups G(X) to a “nice” action of 
a group G on a complex X* (and we say that G(X) is the complex of groups associated 
to this action). Assume that the action of G respects the cell structure and acts without 
inversion (i.e. whenever an element g of G sends a cell o on itself, then its restriction to 
o is the identify), then the complex of groups G(X) is described as follows: 
~ the complex X is the quotient complex X*/G, 
_ let o be a cell in X. We choose a cell CJ* in X* that projects onto cr. The group G, is 
then the stabilizer group G,. of c*. 
Let z be a vertex of X. A graph denoted Lkz* is associated to z. The set of vertices of 
the barycentric subdivision of Lkz* is the union of the sets j(g4r~Y,_1(G,), [x, z]), g E GZ) 
where [x,z] is an element of E(X). Two such vertices (y4,,.Z1(G,), [.u,z]) and 
(g&,,Z,(G,), [y,z]) are connected by an edge in Lkz* if [.x,y] is an element of E(X). 
Let x be a nonpositive number. If X is an H,-polygonal complex then, for each 
vertex z of X, the graph Lkz* is provided with an angular metric. We say that the 
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complex of groups G(X) is of curvature I x if for each vertex z of X, the length of any 
closed curve in Lkz* is 2 27~. 
Theorem 1.1. Let X be a connected H,-polygonal complex with x I 0 and such that the 
set of isometry ty’pes qf the cells isfinite. Let G(X) he u complex of groups of curvature 
I x on X. Then there is u group G acting on a simply connected space X* without 
inversion such that G(X) is the complex qf groups associated to this action. 
The group G is finitely presented if the vertex-groups in G(X) ure ,finitely presented 
and the complex X is,finite. 
The space X* is u complete geodesic space that sutisfies the CAT(x)-inequality, in 
particular the CAT(O)-inequality, hence is contractible. 
Proof. We use the first barycentric subdivision X’ of X, the complex of groups G(X) 
induces a complex of groups G(X’) of curvature i 1 on X’, and this theorem has been 
proven by Haefliger for simplicial complexes, see [12]. 0 
2. Polygonal complexes with one vertex-type 
Theorem 2.1. Let L he a graph without isoluted vertices. Let x he equul to 0 or ~ 1. Let 
k he an integer 2 max (3,21,/(1, - 2)) tj x = 0 und k > 21,/(1, - 2) {f x = - 1, where 
lo is the minimul length qf the cycles in L. 
Assume that the integer k is even [f the gruph L is not symmetric. 
Then there is u simply connected (k, L)-complex P(k, L) and u nontriviul group G(k, L) 
acting by isometries. The group G(k, L) is,finitely presented if the graph L is,finite. The 
space P(k, L) is a contractible geodesic spuce of curvature I x. 
Definition. We say that a graph is symmetric if its automorphism group acts transi- 
tively on the set of its vertices. 
Corollary. !f the graph L isjinite and k > 21,/(1, - 2) the integer k is even ifthe graph 
L is not symmetric. Then, the gruph G(k, L) is hyperbolic. 
Proof. Follows from the results in section 1.3. Indeed, the geodesic space P(k, L) is 
simply connected and of curvature I - 1, hence hyperbolic. Furthermore, P(k, L) is 
complete and locally compact, and the group G(k, L) acts cocompactly and by 
isometries. The group G(k, L) is then hyperbolic. 0 
Notations 1. Let L be a graph. We denote by: 
~ Aut (L) its group of automorphisms, 
- Aut, (L) the stabilizer group of any subgraph M of L, 
~ St(x) the subgraph of L whose edges are the edges of L incident to the vertex x of L. 
252 N. BenaklilJournal of Pure and Applied Algebra 97 (1994) 247.-263 
For any integer k, the dihedral group of order 2k is denoted D, and is considered to 
be a coxeter group with two generators. 
Proof of Theorem 2.1. Denote by L’ the first barycentric subdivision of the graph L. 
The group Aut(L) acts without inversion on L’. Therefore, the quotient L’/Aut(L) is 
a graph denoted L”. 
Given a point x0, we associate a polygonal complex X(x, L) to L” as follows: we 
consider an edge connecting x0 to any vertex of L” that is not contained in the interior 
of an edge. 
It follows that the faces of X(k, L) can be either quadrilaterals or triangles. Actually, 
all the faces of X(k, L) are triangles if and only if the graph L is symmetric. 
2. I. Description of a complex of groups G(X)(k, L) on X(k, L) 
Following Section 1.4, we will first describe the faces of groups G(F)(k, L) associated 
to each face F of X. For the vertex x0, the group G,,(k, L) is the group Aut(L). 
Let F be a face of X (k, L). As F can be a triangle or a quadrilateral. We will consider 
these two possibilities separately. 
Case 1: The face F is a quadrilateral constructed from the edge [a,b] of L. 
The vertices of F are xo,x,y and s (Fig. 1). 
We define the face of groups G(F)(k, L) as follows: 
(1) The vertex-groups: 
G,,(k L) = Aut(L), 
G,(k L) = Aut,(L), 
G,(k, L) = Z/22 x Auto(L), 
G,(k, L) = Aut,(L), 
G,(k, L) = Z/22 x Aut,(L), 
G(k L) = Aut,,,,,(L), 
G(kL) = Z/2Z x At+.,,,(L), 
G,(k, L) = Z/22 x Aut[,&L). 
if we assume that the integer k is even, then: 
G,(k L) = &,z x Autla.b,(L). 
(2) We describe the homomorphisms: 
For any vertices 3! and p of F’, if the oriented edge [a, fi] is different from [w, s] and 
[r, s], then the homomorphisms c#Q~,,~, is induced by an inclusion. For the edges [w, s] 
and [r, s], the images by c#J~,,,,~, and c#Q~,~, of a generator of Z/22 are the two generators 
of &/z. 
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Fig. 1. The barycentric subdivision F’ of F. 
s 
Fig. 2. The first barycentric subdivision F’ of F. 
Case 2: The face F is a triangle and is constructed from the edge [a, c] of L’, and the 
vertex c is the center of the edge [a, b] of L. 
The vertices of F are x0,x and s (Fig. 2). 
In this case, the corresponding face of groups G(F)(k, L) is described in Fig. 3, where 
~ Aut cc,la,blj(L) is the subgroup of Aut(L), stabilizer group of the pair (c, [a, b]), 
_ the group < 2 > is the group generated by the element c( of Aut(L) of order 2 that 
exchanges the two vertices of the edge [a, b], 
~ the homomorphisms $I~,~~I, &.x1, hxl, and c/+~,~, for any vertex u in X’(k, L) are 
induced by inclusions. 
~ the homomorphisms @lv,Sl and c&~,~, are defined by the fact that a generator Z/22 
and M are sent to the 2 generators of Dkr 
_ the homomorphism (p[w,x,,] is defined as follows: 
<a> x Auhc,~,,,,,(L) + AuW), (uE, Y) -+ aEoy > 
wherea=Oor 1. 
(All the homomorphisms involved in G(F)(k, L) are trivially injective.) 
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Fig. 3. 
2.2. Geometric structure on X(k, L) 
Let 1 be 0 or - 1. Let F be a face of X(k,L). We want to identify F with an 
appropriate polygon in H,. 
Case 1: F is a quadrilateral, see Fig. 1. 
Then F is identified with a quadrilateral in H, with the following angles at its 
vertices: x/2 at x and J’, 2xfk at s, fi < (k - 2)n/k if x = ~ 1 and p = (k - 2)x/k if 
i( = 0 at .~e. 
Case 2: F is a triangle, see Fig. 2. 
Then F is identified with a triangle in H, with the following angles at its vertices: n/2 
at x, x/k at S, /I < (k - 2)x/2k if x = - 1 and B = (k - 2)Tc/2k if x = 0 at x0. 
These identifications provide X(k, L) with a structure of an H,-polygonal complex 
with at most two isometry types of its cells. 
Assume that k is 2 max{3,21,/(1, - 2)) if x = 0 and k is > 2/,,/(/0 - 2) if )! = - 1, 
where lo is the minimal length of the cycles in L. The integer k is even if the graph L is 
not symmetric. Then the complex of groups G(X)(k, L) is of curvature I x I 0, hence 
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developable by Theorem 1.1 (see Section 1.4). The corresponding complex is, by 
construction, a subdivision of a (k, I,)-complex denoted P(k, L). 
Also by Theorem 1.1, there is a nontrivial group G(k, L) that acts by isometries on 
P(k, L). If the graph L is finite, then the complex X(k,L) is finite and all the 
vertex-groups in G(X)(k, L) are finite. It follows by Theorem 1.1 that the group G(k, L) 
is finitely presented. 0 
3. Polygonal complexes with more than one vertex-type. 
Let {L, , . . , LN) be a set of graphs without isolated vertices. On this set, we define 
an equivalence relation by two graphs are equivalent if they are isomorphic. Let 
L 1 , , L, be representatives of the equivalence classes. 
Assume that for any integer i, 1 I i I N, there exists an integer k(i) 2 1 such that 
we can choose a set of vertices i~ij E Li, 1 2 j I k(i) ), called nkr t’ertices, satisfying the 
condition given below. 
Denote by IN the set ii, 1 I i I N}, by I$ the set {(i, j), 1 I i < N and 1 5 j 5 k(i)} 
and by 7c the projection 1; + IN defined by rc( i, j)) = i. 
So, we assume that there exists a bijection rl/ : 1; + 1; such that: 
(i) z-i((i, j)) # i, 
(ii) @/I = id, 
(iii) $((i, j)) = (/,m) * valence of the vertex aij = valence of a,,, 
(iv) n+((i, P)) = 7ci i((C 4)) => P = 4. 
Given (i, j) EZE~, let 1 be the integer rr;$((i, j)). Denote by nil a bijection from the 
graph St(Uij) to the graph St(a $((i, j,,), (see Notations 1 of Section 2 for the definition of 
the graphs St(u)). These bijections are well defined considering the conditions above. 
Denote by L* the graph defined as U I s is NLil(Uij = &il(Ll+((i,j)))), and by L? the 
projection of Li in L*. We assume also that this construction yields a connected 
graph L*. 
Definition. The projection of a nice vertex in L* is called a vertex of identification. 
Notation 2. Denote by A* the group of automorphisms ;j of L* such that: 
_ J!$ = ?(I$) for any integer i, 1 < i I N, 
- y(x) = x, for any vertex of identification X, 
~ if ui*j is a vertex of identification and 1 the integer no$((i, j)), then: 
y(a*) = b* o Y(#il(a*)) = y(&,(b*)), 
where a* and b* are any vertices in the graph St(u$) n LT. 
Data. (1) Let L*’ be the first barycentric subdivision of the graph L*. Denote by L” 
the graph L*‘/A* and by rrg the projection L*’ -+ L”. The graph TI;( LT’) is denoted LF. 
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If U* is a vertex of identification in L*, then the vertex u3 = n:(u*) is also called 
a vertex of identification in L”. 
(2) We denote by %? the set of paths c in L’ such that: 
_ a vertex of c is a vertex of identification if and only if it is not an ending point, 
_ if e and f are two edges of c with a common vertex, then there exists a pair 
(i, I) E IN x IN such that 4il(e) =J: 
Theorem 3.1. Let {L, , . . , LN} be a set of graphs as ubove. Let 1 be 0 or - 1. Assume 
that no element qf C is a closed path. Then, there is an integer 1 2 2 suck that, for any 
integer k 2 8 and multiple of 21, there is a simply connected (k, L, , . . . , LJ-complex 
denoted P(k, L1, . , LN) on which a nontrivial group G(k, L1, . . . , LN) is acting by 
isometries. 
If the graphs L, , . , LN are$nite, then the group G(k, L1 , . , LN) isfinitely presented 
and is acting cocompactly on P(k, L1 , . . , LN). The space P(k, L1 , , LN) is a complete 
geodesic space of curvature I x. 
Corollary. If the graphs L1 , . , LN arefinite, then the group G(k, L1, . . . , LN) is kyper- 
bolic. 
Proof. Similar with the proof of the corollary in Section 2. 0 
Notations 3. Let m be an integer 2 3. We denote by [x,, x2, . . ,x,1 an m-gon of 
vertices x1,x2, . . . , .xmr if the vertices x1 and x, as well as the vertices Xi and Xi+ 1, 
1 I i I m - 1, are connected by an edge. 
Proof of Theorem 3.1. Let L” be the graph constructed in the data above. 
(1) Associate a polygonal complex X(k, L1, , LN) to L”. 
In order to obtain X(k, L1 , . . . , LN), we will first construct some intermediate 
complexes step by step. We denote by X, the polygonal complex constructed at the 
step m, where m is an integer 2 0. 
Construction of X0: 
Let {x1, . . . , xN} be a set of distinct points. For any integer i, 1 5 i I N, let Ci be the 
complex constructed from LF by considering an edge between xi and any vertex of 
Lp which is not contained in the interior of an edge in Lp. The faces of Ci are then 
either quadrilaterals or triangles. 
The complex X0 is defined to be the union of the complexes Ci, 1 < i < N. 
Construction of X,, m 2 1: 
Assume that we have constructed all the polygonal complexes X0, . ,X,_ 1. 
Assume also that there is an edge [a, b] in L* such that ~:([a, b]) has not been 
considered in the previous steps. There are two possible cases: 
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Case 1: The vertex a is a vertex of identification. 
Then the edge [a, b] is contained in a path (a,, a,) of %? of length 4, q 2 2. We denote 
by: 
- {ai, 0 I i _< 4) th e set of vertices of (~,a~) that are contained in rr;(L*), 
~ {pi, 1 I i I 4) th e set of vertices of (~,,a~) that are contained in rc”,(L*‘\L*). The 
vertex pi is contained between C(i_ 1 and pi. 
The complex X, is then defined to be the quotient complex 
Xtn-ll{[~i~Bil = Cxi>Pi+113 l I i Iq- l}. 
Case 2: Neither of the vertices a or b is a vertex of identification. 
In this case, the complex X, is equal to the complex X,_ i. 
If one of the graphs Li, 1 I i < N, is infinite, then there will be an infinite number of 
steps. Actually there is a finite number of significant steps; those where we consider 
a vertex of identification and there is a finite number of such vertices. 
Denote by X, the complex constructed at the last significant step. 
We associate to X, a complex X(/C, L, , . . , LN) whose faces are described below: 
Let (CQ, Q) be an element of +Z. Similarly as in Case 1, we define the sets of vertices 
{C[i, 0 I i I q} and {ji, 1 I i 4 q). To simplify, we assume that the path (ai_ l,ai) is 
contained in Lp, 1 I i I q. 
We denote by p the vertex of X, associated to the vertices pi, 1 I i I q. The 
quadrilaterals [p, Sli- i, xi, cCi]> 1 I i I q are faces of the complex X,. 
The face [/3, CQ, xi, x2, . . ,x,, CQ] of X(k, L1, . , LN) is defined to be the union of the 
quadrilaterals [p, Cli_ 1, xi, Cci], 1 I i s 4. 
(2) Complex ofgroups G(X)(k, L1, . . . , LN) on X(k, L, , . . . , LN) 
We consider the first barycentric subdivision of X(k, L1 , . , L,) and we associate 
a face of groups G(F)(k, L1, . , LN) on every face F of X(k, L1, . . , LN). There are two 
different situations for the construction of G(F)(k, L1 , . . , LN). 
Situation 1. The face F is a triangle or a quadrilateral. 
We then have a similar construction for G(F)(k, L1,. , LN) as the construction of 
the complex of groups G(F)(k, L) in the proof of Theorem 2.1. We only need to replace 
the group Aut(L) considered in the proof of Theorem 2.1 by the group A*. 
Situation 2. The face F contains at least two elements of the set {xl , . . . ,xN). 
To simplify, we assume that F contains exactly two of these vertices, say x1 and x1. 
The other vertices are x,y and s. The face F is constructed from the subgraph LyuL”, 
of L”. The edge [xi, x2] is associated to some vertex of identification CI@ = LTnL;. The 
edge [xi,~~] [resp. [x2,x]] is associated to some vertex a0 [rep. b”] of Ly [resp. Li]. 
Observation. Let a* [resp. b*, z*] be the vertex of L* such that a0 = ni(a*) [resp. 
b” = zz(b*), CP = n;(cl*)]. The subgroups A&,.., and FIT~*.~*, of A*, stabilizer groups 
of the edges [CC*, a*] and [cc*, b*], are the same. 
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Fig. 4. 
We consider the first barycentric subdivision of F (Fig. 4). 
The face of groups G(F)(k, L1, . , LN) is then defined as follows. 
(1) The vertex-groups: 
G,, (k, L, , . , L,v) = G,,(k, .!a 1 , , L,\r) = G,,(k, L1 , . , L.w) = A*, 
G,(k,Ll > .. . ,LN) = A&,,.,, 
G,.(k, L1, . . . , LN) = A$, 
G,(k,Ll,... ,L,v) = AS, 
G,(k, L, , . . , LN) = Z/22x A&, 
G,(k, L1, , LN) = Z/22 x A,*,, 
G,(k,L, > . . . ,L,v) =Z/2ZxG,(k,Ll ,... ,L,v), 
G,(k, L, , , LN) = Z/22x G,(k, L, , , LN). 
Let k be an integer multiple of 4, then: 
G(kLr, ,LN) = &/4x G,(kL,, . . . ,LN). 
(2) All the homomorphisms of groups are trivially injective. 
If the face F contains p elements of the set {x 1, . . . ,xN}, where p is an integer 2 3, 
then the face of groups G(F)(k, L1 , , LN) is similar to the above one, except for the 
choice of the group G,(k, L1, . . . , L.y). Indeed, in this case we assume that the integer 
k is a multiple of 2p and we define G,(k, LI , . . . , LN) to be the group II,:,, x 
G,(k, L, , , L.w). 
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Remark 1. Let 1 be the least common multiple of the numbers of edges contained in 
the intersection of rc%(L*) with the paths y E%. The integer 12 2. Since, if ;jnn;(L*) 
contains p edges, then there is a face of X(k, L1, . , LN) that contains p vertices from 
the set {x1 , . , .x,~) and we know from the above result that k is a multiple of 2p. It 
follows that we need k to be a multiple of 21. 
(3) Geometry on X(k, L1 , . . . , LN): 
Let x be 0 or - 1. Let k be an integer multiple of 21. We identify the faces of 
X(k, L1 , , LN) with polygons of H, as follows: 
~ if F is a triangle or a quadrilateral, then we have the same identifications as in the 
proof of Theorem 2.1. 
~ If F contains p > 1 vertices from the set {xi, 1 < i I N}. The angle at each of these 
vertices is /I < (k - 2)7c/k if 1 = - 1 and /I = (k - 2)x/k if 31 = 0. 
The angles at the remaining vertices are 2px/k at s, 7c/2 at x and y. 
If k is an integer 2 8 and a multiple of 21. The complex of groups G(X) 
(k, L1, , LN) is then of curvature I 1, hence developable by Theorem 1.1, and the 
corresponding universal space has all the topological properties announced in The- 
orem 3.1 and is, by construction, a subdivision of a (k, L1 , . , L,)-complex 
P(k,L, >... >L,N). 0 
4. The polygonal complexes and the coxeter groups 
As we have pointed out in the introduction, given a finite set of finite graphs 
{L, , . , I+,}, N 2 1, and an even integer k 2 4, we can use another procedure to 
construct (k, L1 , . . . , &,)-complexes, (the set (L, , , L,) is obtained from {L, , . , LN) 
as described in Section 3). This other procedure involves coxeter groups and is called 
the “mirror structure procedure”. The following question is then entirely legit- 
imate: are the two complexes constructed aia compleves of groups and coxeter groups 
isomorphic:) 
Our purpose in this section is to answer this question. 
We will first recall some results about this procedure. Further details can be found 
in 191. 
4.1. Mirror structure procedure 
A coxeter system (W, S) consists in a group W and a finite set S of generators of 
W such that: (ss’)~@~‘) = 1 for any elements s and s’ in S, where m(s, s) = 1 and m(s, s’) 
is an integer > 2 or M ifs # s’. (By convection (ss’)~ = 1.) 
Let X be a Hausdorff topological space X and S a finite set. A mirror structure on 
X indexed by S is a family {X,, s ES} of closed subspaces of X called mirrors. Given 
a subset S’ of S, let X,, be the intersection of the sets X,, s ES’. 
Given x an element of X, let S(x) be the set {s E S/x E X,). 
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To the triplet (W, X,(X,)), we associate the space U( = U( W, S)) called the univer- 
sal space, defined as the quotient of the product W x X by the equivalence relation: 
(Sl x) - (k Y) o x=y and gglhEWScx,. 
Given (w, x) an element of W x X, we denote by [w,x] its projection in U. The 
action of W on W x X induces an action on U defined by g[w, x] = [gw, x]. The 
subspace { [l,x]/x E X} of U is the fundamental domain of the action of W on U. We 
identify this space with X. 
For x EX, its stabilizer group is Wscx). 
The group W acts properly discontinuously on U if and only if, for any subset S’ of 
S, the subgroup Ws, is finite as soon as the subspace Xs, is nonempty. 
The space U is simply connected if and only if: 
~ the space X is simply connected, 
~ the mirror X, is connected for any s ES, 
_ the subspace X,nX,, is nonempty for any s ES and s’ ES’ such that m(s, s’) < m. 
When the space X is a polygonal complex and all the mirrors X, are subcomplexes, 
then the space U has a polygonal complex structure and the action of W respects this 
structure. 
4.2. Construction of (k, L1, . , L,)-complexes, given the set {k, L1, . . , LN} 
We will first consider the case IV = 1. 
Proposition 1. Let L be a jinite graph without isolated vertices. Let x be 0 or - 1. Let 
k be an even integer. We assume that k is 2 8 [resp. k 2 61 ijx = - 1 [resp. x = 0] and 
L contains a triangle. Otherwise, k is 2 4. There is a simply connected (k, L)-complex 
Q(k, L) with a cocompact action by isometries by a coxeter group W(k, L). 
The space Q(k, L) is a complete geodesic space of curvature I x. 
Proof. Let L be a finite graph without isolated vertices. Assume that L contains 
m vertices, m 2 2, indexed from 1 to m. 
Denote by C(L,y,) the cone based on L and whose vertex is a given point Y,,. We 
add a vertex in the interior of each edge of C(L, yO) that does not contain the vertex y,. 
Denote by Y(k, L) the associated finite polygonal complex. 
Let W (k, L) be the coxeter group generated by the set S = {sr , , s,}. The relations 
are determined by: 
??Z(Si, Si) = 1, 
mhsj) = 
k/2 if the vertices i and j of L are contained in an edge, 
~ 
otherwise. 
If the vertices i and j of L are related by an edge, we denote by yij the interior vertex 
in the edge [i, j]. 
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For any integer i, 1 5 i I m, the mirror Y(k,L),X is the union of the edges [i,yij], 
where [ij] is an edge of L. 
From the results given above, the universal space U(W(k, L), Y (k, L), { Y,,(k, L)}) is 
simply connected. The action of IV(k, L) is properly discontinuous with Y (k, L) as 
a fundamental domain. Furthermore, the space U(W(k, L), Y(k, L), { Y,,(k, L)}) is the 
subdivision of a (k, L)-complex Q(k, L). q 
Remark 2. Let y be a vertex of the complex Y (k, L). 
_ If y is the vertex yo, then, the stabilizer group IV,,,,(k,L) of y is the trivial group. 
_ If y is a vertex of the graph L, say y = i, then the set S(y) = {si} and the stabilizer 
group lV,,,,(k, L) is the subgroup of IV(k, L) generated by Si. The group W,,,,(k, L) is 
isomorphic to the group Z/22. 
- If y is contained in the interior of an edge of L, denoted [i,,j,], then, S(y) = {si,,sj,} 
and the stabilizer group W,,,,(k, L) generated by S(y) is isomorphic to the dihedral 
group Dk. 
We will now prove that if the graph L is finite and the integer k is even, then the 
(k, L)-complexes constructed in Sections 2 and 4 are isomorphic. 
Proposition 2 (Haefliger 13). Under the same conditions as in Proposition 1, the 
complexes P(k, L) and Q(k, L) are isomorphic. 
Proof. As the set of generators of the coxeter group W(k, L) is indexed by the set of 
vertices of the graph L, the group Aut(L) acts on W(k, L). Indeed, we have #(si) = s$u) 
for any generator si of W(k, L). 
There is also an action of Aut(L) on Y(k, L) since Y(k, L) is constructed from L. This 
action is such that 4(y0) = y,. The group W(k, L) x Aut(L) acts by isometries on the 
barycentric subdivision space Q’(k, L) of Q(k, L) as follows: 
(9, $)Ch> ~1 = C~(S, h)> &Y)I = C&M(h)> 6(y)] 3 
where g and h are elements of W (k, L), 4 is an element of Aut(L) and y is contained in 
Y(k, L). 
The complex of groups associated to this action is described as follows: 
(1) The quotient complex Q’(k, L)/ W(k, L) x Aut(L), denoted Z(k, L), is isomorphic 
to the complex X(k,L) constructed in Section 2. We denote by x this isomorphism. 
(2) Given a vertex x in Z(k, L), the vertex group (W(k, L) x Aut(L))X is the stabilizer 
group of the vertex [l, x] in Q’(k, L) under the action of W(k, L) x Aut(L). 
Let (g, 4) be an element of the stabilizer of [ 1, x]. We have (g, 4) [ 1, x] = [ 1, x] or, in 
an equivalent way, [&(g),4(x)] = [1,x]. We know, from the results in Section 4.1, 
that this implies: 4(x) = x and b(g) E Ws(,,(k, L). 
One can easily verify that b(g) E W,(,,(k, L) if and only if g E W,,,,,,,(k, L) = 
Wsc,,(k, L). It follows that the stabilizer group (W(k, L) x Aut(L))X is the group 
W&k, L) x AutJL). 
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Considering the action of the group Aut(L) on Y(k,L) and the remark above, the 
group (kV(k,L) x Aut(L))x is therefore isomorphic to the group G,,,,(k,L) of the 
complex of groups G(X)(I<, L). 
The points mentioned above, (1) and (2), imply that there is an isomorphism from 
the complex of groups associated to the action of W(k, L) x Aut(L) on P’(k, L) onto 
the complex of groups G(X)(k, L). The group W(k, L) x Aut(L) is therefore isomorphic 
to the group G(k,L) (for the definition of an isomorphism, and more generally a 
homomorphism, between complexes of groups, see 1121). 
Because when a complex of groups is developable, the corresponding universal 
space is unique, the complexes P(k, L) and Q(k, L) are then isomorphic. 0 
Proposition 3. Let { L1 , . . , LN} he a set of,finite graphs with the same properties as in 
theorem B. Let z be 0 or - 1. There exists un integer 1 2 2 such that {f k is 2 8 and 
a multiple of 21, then there is u simply connected (k, L1 , , L,)-complex Q(k, LI , . , LN) 
with a cocompact action by isometries of a coxeter group W (k, L, , . . . , LN). 
The space Q(k, L, , . , L,) is a complete geodesic space of curvature I x. 
Proof. see [4]. (The coxeter group W (k, L1, . . . , LN) is defined as follows: 
(i) the set of generators S = {.s1,s2, . , sp} where (1, . . ,p) is the set of vertices of 
the graph L* other than the vertices of identification, 
(ii) the relations are: 
(a) sf= 1, 1 lisp, 
(b) (s. F.)~“~ = 1 if the vertices i and j of L* are connected by a path of C of 
length q. 0 
Proposition 4. Under the same conditions as in Proposition 3, the polygonal complexes 
P(k, L, , , LN) and Q(k, L, , . , LN) are isomorphic. 
Proof. Same as the proof of Proposition 2. Replace the group Aut(L) by the group A* 
defined in Section 3. 0 
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